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Combinatorics

Binary trees

Binary search tree = directed and labeled tree such that

?

<y 1 >J

increasing tree = directed and labeled tree such that labels increase along arcs
leveled binary tree = directed tree with a binary search tree labeling and an
increasing labeling
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Binary trees
Cambrian t
Cambrian latt

Combinatorics

Permutations to leveled binary trees

The sylvester correspondence = permutations — leveled binary trees.

Exm: permutation 6275134
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Combinatorics

Cambrian lattices

Cambrian trees

Cambrian tree = directed and labeled tree such that
! <j_| =i
J J
<y 1 >J ?
increasing tree = directed and labeled tree such that labels increase along arcs

leveled Cambrian tree = directed tree with a Cambrian labeling and an
increasing labeling

[=2EN |

=N W o Ot

G. Chatel The Cambrian Hopf Algebra



Combinatorics

Cambrian trees and triangulations

signature <— vertices above or below [0, 8]
node j <+— triangle i < j < k
1

For any signature ¢, there are C, = m(%:’) e-Cambrian trees
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Combinatorics

Cambrian la

Signed permutations to Cambrian trees

Cambrian correspondence = signed permutation — leveled Cambrian tree.

Exm: signed permutation 2751346

Reading. Cambrian lattices. 2006
Lange-Pilaud. Associahedra via spines. 2015
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Cambrian la

Signed permutations to Cambrian trees

Cambrian correspondence = signed permutation — leveled Cambrian tree.

Exm: signed permutation 2751346

. 3 .

Reading. Cambrian lattices. 2006
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Combinatorics

Cambrian la

Signed permutations to Cambrian trees

Cambrian correspondence = signed permutation — leveled Cambrian tree.
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Reading. Cambrian lattices. 2006
Lange-Pilaud. Associahedra via spines. 2015
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Signed permutations to Cambrian trees
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Combinatorics

Cambrian la

Signed permutations to Cambrian trees

Cambrian correspondence = signed permutation — leveled Cambrian tree.

Exm: signed permutation 2751346
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Combinatorics

Cambrian lattices

Signed permutations to Cambrian trees

Cambrian correspondence = signed permutation — leveled Cambrian tree.

Exm: signed permutation 2751346
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P(7) = P-symbol of 7 = Cambrian tree produced by the Cambrian corresp.
Q(7) = Q-symbol of 7 = increasing tree produced by the Cambrian corresp.

(analogous to the Robinson-Schensted algorithm)

G. Chatel The Cambrian Hopf Algebra



Combinatorics

The Cambrian congruence

e-Cambrian congruence = transitive closure of the rewriting rules

"aC"'b"'EE"'CQ"'Q"' ifa<b<cand€b:_

o

--b--vac---=.---b---ca--- ifa<b<cande, =+

where a, b, ¢ are elements of [n].

Proposition [reformulating Reading 2006]
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Combinatorics

Cambrian trees to signed permutations

Proposition [reformulating Reading 2006]
P~1(T)=L(T)

2751346, 7213546, 7215346, 7251346, 7521346
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Bi t
Cambrian trees
Cambrian lattices

Combinatorics

Rotations and flips

Rotation on Cambrian trees +— flips on triangulations.
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Combinatorics

Rotation and Cambrian lattices

rotation
of i —»j

increasing rotation = rotation of edge i — j where i < j

Proposition [reformulating Reading 2006]

The transitive closure of the increasing rotation graph is the Cambrian lattice.
P defines a lattice homomorphism from the weak order to the Cambrian lattice.
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Combinatorics

Rotations and Cambrian lattices
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Algebra

© Algebra
@ FQSym
@ The Cambrian algebra
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FQSym
Algebra The Cambrian algebra

Two products on permutations

For 7 € &, and 7' € G,/ with a € [n], b € [n'], define

shifted concatenation 77 = [r(1),...,7(n), 7 (1) + n,...,7(n') + n] € G,
shifted shuffle product 717" = aullibv = a(uL bv) + (b + |au|)(au T v)
convolution product 7+ 7" = (v~ L7/~ 7!

When we compute products of permutations, there is no multiplicities so we
can consider that the output of the shuffle is a set of permutations.

12111231 = {12453,14253,14523,14532,41253,41523,41532,45123,45132, 45312}
12%231 = {12453,13452,14352, 15342, 23451, 24351, 25341, 34251, 35241, 45231}

5 il 5 | 5———M

4 4 L} 4 |

3 n 3 T 3 u

2 f—T 2— 2 T

17’\ T 1 ?} F T 1 7’\ T

1 23 45 1 23 45 1 2345
concatenation shuffle convolution
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FQSym
Algebra The Cambrian algebra

The Malvenuto-Reutenauer algebra

The Malvenuto-Reutenauer algebra = Hopf algebra FQSym with basis (F-) cs
and where

F.-F.= » F, and AF,= » F.@F,

ceTmr’ oceTxT’

Malvenuto-Reutenauer. Duality between Quasi-Symmetric functions and the Solomon Descent Algebra. 1995
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FQSym
Algebra The Cambrian

The Malvenuto-Reutenauer algebra

The Malvenuto-Reutenauer algebra = Hopf algebra FQSym with basis (F-) cs
and where

F.-F.= » F, and AF,= » F.@F,
ceTT/ ceTxT!

Malvenuto-Reutenauer. Duality between Quasi-Symmetric functions and the Solomon Descent Algebra. 1995

Definition: Combinatorial Hopf Algebras

A Combinatorial Hopf Algebra = combinatorial vector space B endowed with

product - : B B — B
coproduct A : B— B® B

which are “compatible”, i.e.,

A(f - g) = A(F) - Ag)
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FQSym
Algebra The Cambrian algebra

Two products on signed permutations

12231 = {12453,14253,14523,14532,41253,41523, 41532, 45123, 45132, 45312},
12%231 = {12453,13452,14352,15342,23451,24351,25341, 34251, 35241, 45231}
5 5 5
4 H 4+——0 4 H
3 =] T 3 8 3 =]
2 — 2P 2 o
116 1 B 1 T
T T T T T T
1 23 45 1 2345 1 2345
concatenation shuffle convolution

Signed analog of Malvenuto-Reutenauer [Novelli, Thibon 2010]

FQSym, = Hopf algebra with basis (F-)rcs, and where

F.-F.= > F, and AF,= » F.@F,

ceTT ceTxT!
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FQSym
Algebra The Cambrian algebra

The Cambrian algebra as a subalgebra of FQSym_

The Cambrian algebra = subspace Camb of FQSym_ generated by

-y E- Y

TES L T€L(T)
P(r)=T

for all Cambrian trees T.
P = Fy137545 + For73sa5 + Fou7s3a6 + Fozizsas + Forisase
+ Fomsi345 + Fa13545 + Fro15346 + Fros1346 + Frso1345

Theorem [C.-Pilaud]

Camb is a Hopf subalgebra of FQSym,, .

(i.e., the Cambrian congruence is “compatible” with the product and coproduct
in FQSym)

GAME: Explain the product and coproduct directly on the Cambrian trees...
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FQSym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Pﬁ),; 'Ph}g = F ]F213 + IE‘231)
_ Fia335 + Fiazss

+F
12435 12253 + F1235 > S
_ 14253 N 1«‘14523 41§g§ + Fia535 + Fa13%5 Fa3135 + 23152
TF —= + Fa135 * Fa1532 + Fag512 * Fas312
Fa1383 + Fa1533 + Fam133 T o
#5132

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - P = Z Ps

iy T
/ SCamb S SCamb \

T T
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ym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - Pp = Z P

T T
/0 Zam S <am N

T T

@ For every Cambrian tree T, £(T) is an interval of the weak order.
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FQSym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - Pp = Z P

T T
/0 Zam S <am N

T T

@ For every Cambrian tree T, £(T) is an interval of the weak order.

e [o,7] [0, 7] = [o0’,7'7].
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FQSym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - Pp = Z P

T T
/0 Zam S <am N

T T

@ For every Cambrian tree T, £(T) is an interval of the weak order.
o [o,7] W [0, 7] = [o0’, /7]
o L(T)=[o,7], L(T") =[0', 7]

T T

Por)= P(Fr) =\

T T7
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FQSym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - Pp = Z P

T T
/0 Zam S <am N

T T

@ For every Cambrian tree T, £(T) is an interval of the weak order.
o [o,7] W [0, 7] = [o0’, /7]
o L(T)=[o,7], L(T") =[0', 7]

T T

P =/ P(Fr) =\
T T
@ Permutations in [go”, 7/7] form a union of Cambrian classes because
Camb is a subalgebra of FQSym..
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FQSym
Algebra The Cambrian algebra

Product in the Cambrian algebra

Proposition [C.-Pilaud]

For any Cambrian trees T and T’,

Pr - Pp = Z P

T T
/0 Zam S <am N

T T

@ For every Cambrian tree T, £(T) is an interval of the weak order.
o [o,7] W [0, 7] = [o0’, /7]
o L(T) = [o,7], £(T) = [0, ']
T T
P =/ P(Fr) =\
T T

@ Permutations in [go”, 7/7] form a union of Cambrian classes because
Camb is a subalgebra of FQSym..

@ These trees form an interval because P is a lattice homomorphism.
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FQSym
Algebra The Cambrian algebra

Coproduct in the Cambrian algebra

AP I ] (= A (Fy3 + Fazy)

:1®(213+F231)+ Ff®F5 + F®Fy + Fy ®F + Fp ®F + (Fyy3 +Fagy) ® 1
= 1®P! }; +[r¥ f%]{ﬂb\q!@ll}%! [r! ®H”¥+I”$!®JI‘A+ H’! };®1
- P! ]! + ¥ A \q{ . ®W¥+P$!®WA+ m! “®1.

Proposition [C.-Pilaud]

For any Cambrian tree S,
(g1 o ( I )
£ TeB(S,v) T/ €A(S,7)

where 7 runs over all cuts of S, and A(S, )
and B(S, ) denote the Cambrian forests above and
below v respectively
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FQSym
Algebra The Cambrian algebra

Coproduct in the Cambrian algebra

AP I ] (= A (Fy3 + Fazy)

:1®(213+F231)+ Ff®F5 + F®Fy + Fy ®F + Fp ®F +(11<‘213+F231)®1
= 1®P! }; +W¥ ;?{M”v@ll}%{ﬂr! ®H”¥+P$! If' + H’! }(
= P! ]! + ¥ A \q{ | ®P¥+P$!®WA+ m! “®1.

Proposition [C.-Pilaud]

For any Cambrian tree S,
(g1 o ( I )
£ TeB(S,v) T/ €A(S,7)

where 7 runs over all cuts of S, and A(S, )
and B(S, ) denote the Cambrian forests above and
below v respectively

v
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Extensions

o Study of multiplicative basis.
o Hopf algebra on twin Cambrian trees.

o Hopf algebra on Schroder-Cambrian trees.
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